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SYZYGY FILTRATIONS OF CYCLIC NAKAYAMA ALGEBRAS
EMRE SEN
To Professors Kiyoshi Igusa and Gordana Todorov in celebration of seventieth birthdays
Abstract. We introduce a method ”syzygy filtration” to give building blocks of
syzygies appearing in projective resolutions of indecomposable Λ-modules where Λ
is a cyclic Nakayama algebra. We interpret homological invariants of Λ including
left and right finitistic dimension, left and right ϕ-dimension, Gorenstein dimension,
dominant dimension and their upper bounds in terms of this new filtration. For all of
them, we obtain a unified upper bound 2r where r is the number of relations defining
the algebra Λ. We give a simpler proof of theorem relating Gorenstein dimension to
ϕ-dimension. Moreover we show that ϕdimΛ− fin.dimΛ ≤ 1.
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1. Introduction
For an artin algebra A, one of the major open question is the finitistic dimension
conjecture. It states that supremum of finite projective dimensions of modules is finite
i.e.
fin.dimA <∞
where
fin.dimA := sup {p dimM |M is A module with p dim(M) <∞}
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If representation dimension of A is less than or equal to 3 then the conjecture holds,
proof was given by K. Igusa and G. Todorov in [IT05]. In the proof, they introduced
a function for each module M and its value is always a finite number. Again one can
consider supremum of those values and define:
ϕ dimA := sup {ϕ(M)|M is an A-mod}
It turns out that this new homological definition has applications since an algebra is
self injective if and only if ϕ-dimension of the algebra is zero [LM18]. Later A. Garcia
and R. Schiffler proved that if algebra is Gorenstein than Gorenstein dimension is equal
to ϕ-dimension of the algebra. We think that possible numerical values ϕ dim itself
can be useful homological measure of artin algebras. In [Sen18] it was shown that
for a cyclic Nakayama algebra of infinite global dimension, ϕ-dimension is always an
even number. And for small values of ϕ dim, conditions on algebra were described.
In the same work, to study ϕ-dimension, one important tool was ∆filtration and its
useful properties. In this work, we develop syzygy filtration method which is based on
the filtrations introduced at [Sen18]. Here, we apply syzygy filtrations iteratively and
give applications of it especially on homological invariants and their bounds for cyclic
Nakayama algebras. We prove:
Theorem 1.1. Let Λ be a cyclic Nakayama algebra. Then the difference of ϕ dimΛ
and fin.dimΛ can be at most 1, i.e. ϕ dimΛ− fin.dimΛ ≤ 1.
Theorem 1.2. Let Λ be a cyclic Nakayama algebra. If Λ is Gorenstein, then Goren-
stein dimension is equal to ϕ-dimension i.e. gor.dimΛ = ϕ dimΛ.
The second result appears in the literature [ES17], [LM18] etc. However we give
an elementary proof in the case of Nakayama algebras by new methods. Briefly, we
construct an algebra ε(Λ) 3.2 and its modules will correspond to second syzygies of Λ
modules 3.6. Regarding ε(Λ) with gl dimΛ =∞, we have:
Theorem 1.3. i) Λ is self injective if and only if Λ ∼= ε(Λ).
ii) ϕ dimΛ = ϕ dim ε(Λ) + 2, when Λ ≇ ε(Λ).
iii) If Λ is Gorenstein then ε(Λ) is also.
This enables us to use mathematical induction on homological dimensions, since we
show that ε(Λ) is also a Nakayama algebra in 3.9.
Another important homological dimension is dominant dimension of algebra A: Let
0 7→ A 7→ I0 7→ I1 . . . be minimal injective resolution of regular module A. Then:
dom.dim(A) = sup {n| Ii is projective for i = 0, 1, . . . n}+ 1
provided that I0 is projective. Otherwise it is set to be zero. Marzinnik studied
dominant dimension of Nakayama algebras and showed that sharp upper bound of
dominant dimension is 2N − 2 where N is the number of simple modules [Mar18]. We
produce that result by using syzygy filtrations, and the crucial step is the reduction:
Proposition 1.4. Let Λ be cyclic Nakayama algebra with 3 ≤ dom.dimΛ <∞. Then
dom.dimΛ = dom.dim ε(Λ) + 2.
Indeed, all homological measures we discussed so far share the same unified upper
bound:
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Theorem 1.5. Let Λ be cyclic nonselfinjective Nakayama algebra defined by r many
irredundant relations over N vertices. Then, ϕ dimΛ, fin.dimΛ, gor.dimΛ, dom.dimΛ
are bounded by 2r. Moreover, the upper bound is 2N − 2 since r ≤ N − 1.
Another application is the following result of [MM18]:
Corollary 1.6. Let Λ be a Nakayama algebra of N nodes and with a simple module
S of even projective dimension. Choose m minimal such that a simple Λ module S
has projective dimension equal to 2m. Then the global dimension of Λ is bounded by
N +m− 1.
In general left and right finitistic dimension of algebras are not same. In literature,
we could not find such results concerning Nakayama algebras. We prove the following
by using syzygy filtrations again:
Theorem 1.7. Let Λ be cyclic Nakayama algebra.
i) Left and right finitistic dimensions are same i.e. fin.dimΛ = fin.dimΛop.
ii) Left and right ϕ-dimensions are same i.e. ϕ dimΛ = ϕ dimΛop
The paper has the following structure: in the first section, we recall definition of
ϕ-dimension. In the second section, we introduce algebra ε(Λ) properly, and its prop-
erties. In the remaining sections, we show applications of syzygy filtered algebras to
homological dimensions including left-right finitistic dimension, left-right ϕ-dimension,
dominant dimension, Gorenstein dimension and global dimension.
2. ϕ-dimension for Artin algebras
Let A be artin algebra. let K0 be the abelian group generated by all symbols [X ],
where X is a finitely generated A module, modulo the relations:
i) [A1] = [A2] + [A3] if A1 ∼= A2 ⊕ A3
ii) [P ] = 0 if P is projective.
Then K0 is the free abelian group generated by the isomorphism classes of indecompos-
able finitely generated nonprojective A-modules. For any finitely generated A-module
M let L [M ] := [ΩM ] where ΩM is the first syzygy ofM . Since Ω commutes with direct
sums and takes projective modules to zero this gives a homomorphism L : K0 7→ K0.
For every finitely generated Λ-module M let 〈addM〉 denote the subgroup of K0 gen-
erated by all the indecomposable summands of M , which is a free abelian group since
it is a subgroup of the free abelian group K0. In other words, if M = ⊕
m
i=1Mi
ni then
〈addM〉 = 〈{[Mi]}
m
i=1〉 and L
t(〈addM〉) = 〈{[ΩtMi]}
m
i=1〉.
Definition 2.1. For a given module M , let ϕ (M) be defined as:
ϕ(M) := min{t | rank
(
Lt〈addM〉
)
= rank
(
Lt+j〈addM〉
)
for ∀j ≥ 1}.
Notice that ϕ(M) is finite for each module M , since rank has to become stable at
some step. For example, if projective dimension ofM is finite, then ϕ(M) = p dim(M).
Definition 2.2. Let A be artin algebra. We define:
ϕ dim(A) := sup{ϕ(M) | M ∈ modA}.
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We will state few useful propositions about ϕ-dimension. Proofs and other properties
can be found in [Sen18].
Lemma 2.3. Let A be an artin algebra of finite representation type. Let {M1, . . . ,Mm}
be a complete set of representatives of isomorphism classes of indecomposable Λ-modules.
Then ϕ dim(A) = ϕ(⊕mi=1Mi).
Remark 2.4. If global dimension of algebra A is finite, then gldim(A) = ϕ dim(A).
Recall that fin.dimA = sup{p dim(X) | p dim(X) < ∞, X ∈ mod-A}, which implies
fin.dimA ≤ ϕ dimA.
3. Syzygy Filtered Algebras
Let Λ be a cyclic Nakayama algebra over N ≥ 2 vertices given by irredundant system
relations αk2i . . .αk2i−1 = 0 where 1 ≤ i ≤ r and kf ∈ {1, 2, . . . , N} for cyclic quiver Q
where each arrow αi, 1 ≤ i ≤ N − 1 starts at the vertex i and ends at the vertex i+ 1
and αN starts at vertex N and ends at vertex 1.
Here we list irredundant system of relations and denote it by REL:
αk2 . . .αk1+1αk1 = 0(3.1)
αk4 . . .αk3+1αk3 = 0
...
αk2r . . .αk2r−1+1αk2r−1 = 0
It is clear that Λ is bound quiver algebra kQupslope〈REL〉.
Projective modules can be described with respect to socles. Simply:
Pk1 →֒ . . . →֒ P(k2r−1)+1 have simple Sk2 as their socle(3.2)
Pk3 →֒ . . . →֒ Pk1+1 have simple Sk4 as their socle
...
Pk2r−1 →֒ . . . →֒ P(k2r−3)+1 have simple Sk2r as their socle
Let S(Λ) be the complete set of representatives of socles of projective modules over
Λ i.e. S(Λ) = {Sk2, Sk4 , . . . , Sk2r}. Similarly, let S
′(Λ) be the complete set of represen-
tatives of simple modules such that they are indexed by one cyclically larger indices of
S(Λ) i.e. S ′(Λ) = {Sk2+1, Sk4+1, . . . , Sk2r+1}.
Now we define the following base set B(Λ), its elements are nonzero and minimal
traces of projectives in cyclic order and indexed by S ′(Λ) i.e.
B(Λ) :=

∆1 ∼=
∣∣∣∣∣∣
Sk2r+1
...
Sk2
∣∣∣∣∣∣,∆2 ∼=
∣∣∣∣∣∣
Sk2+1
...
Sk4
∣∣∣∣∣∣, ..,∆j ∼=
∣∣∣∣∣∣∣
Sk2(j−1)+1
...
Sk2j
∣∣∣∣∣∣∣, ..,∆r
∼=
∣∣∣∣∣∣
Sk2r−2+1
...
Sk2r
∣∣∣∣∣∣


Remark 3.1. Details and properties of modules filtered by B(Λ) can be found in
[Sen18]. Here, instead of ∆, we use B(Λ). Let M be an indecomposable nonprojective
Λ module. If its second syzygy is nontrivial, then Ω2(M) has unique filtration by B(Λ).
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Now we are ready to construct new algebra which is filtered by modules of B(Λ).
Definition 3.2. Let ε(Λ) be an endomorphism algebra of direct sum of projective
modules over Λ indexed by S ′(Λ), i.e.
ε(Λ) := EndΛ

 ⊕
i∈S′(Λ)
Pi

(3.3)
Since ε(Λ) is related to B(Λ) filtered modules, we call it syzygy filtered algebra. We
will prove that it is a Nakayama algebra.
Lemma 3.3. Let Px, Py, Pz be three indecomposable projective modules from S
′(Λ) and
maps f, g, h satisfying f = h ◦ g:
Px
g
❀
❀❀
❀❀
❀❀
f
// Py
Pz
h
AA✄✄✄✄✄✄✄
Then, the sequence
0 7→ coker g 7→ coker f 7→ coker h 7→ 0
is exact.
Proof. Observe that Px, Py, Pz are uniserial. We have the following exact sequences:
0 7→ Im f 7→ Py 7→ coker f 7→ 0
0 7→ Imh 7→ Py 7→ coker h 7→ 0
0 7→ Im(hog) 7→ Imh 7→ coker g 7→ 0
The last sequence exists because both Im f and Imh have the same socle which is socle
of Py. Furthermore, Imh ⊂ Im f is impossible because h(Im g) = Im f is given. We
show that the quotient is coker g because: consider a simple module x from composition
series of ℑhupslopeIm f , this implies x cannot be in the image of g, since x is not subquotient
of Im f . However, x is subquotient of Imh therefore subquotient of PzupslopeIm g, which is
simply coker g.
One can show that coker g is submodule of coker f since Imh ⊂ Py and Im f ⊂ Im h
we get:
Im f →֒ Imh →֒ Py ⇐⇒
ImhupslopeIm f →֒
PyupslopeIm f ⇐⇒
coker g ∼= ImhupslopeIm f ⊂
PyupslopeIm f
∼= coker f
Now :
coker f
coker g
∼=
PyupslopeIm f
Im hupslopeIm(hog)
∼=
PyupslopeIm f
ImhupslopeIm(f)
∼=
Py
Imh
∼= coker h
Claim follows. 
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Corollary 3.4. The map f from Pk2i+1 to Pk2i−2+1 with coker f ∈ B(Λ) for any i is
unfactorizable i.e. cannot be factored thorough another projective Λ module different
than Pk2i+1 and Pk2i−2+1.
Proof. Assume that there exist maps g, h and a projective module P ∈ S ′(Λ) such that
f = hog. By lemma 3.3, we obtain the following the module structure:
coker f ∼=
∣∣∣∣coker gcoker h
∣∣∣∣
Tops of the modules coker h, coker g are in S ′(Λ). Similarly, socles of the modules
coker h, coker g are in S(Λ). So coker h and coker g have unique B(Λ) filtration. This
forces that coker f cannot be an element of B(Λ) since it is an extension of elements of
B(Λ) . Contradiction.
So either coker g ∼= coker f or coker h ∼= coker f , so f can not be factored. 
Proposition 3.5. Indecomposable ε(Λ) modules are uniserial.
Proof. By the corollary 3.4, nontrivial unfactorizable maps between projectives of S ′(Λ)
is given by :
... 7→ Pk2i+1 7→ Pk2i−2+1 7→ Pk2i−4+1 7→ . . .
Since there are finitely many indecomposable modules, if we regard each projective a
point, quiver is either direct sums of A type or cyclic quiver. In both cases, indecom-
posable modules are uniserial. 
3.1. Modules of syzygy filtered algebras. We give other equivalent formulations
for B(Λ) and modules of ε(Λ).
Let Filt(B(Λ)) be category of B(Λ) filtered Λ modules. A module U ∈ B(Λ) if and
only if U has minimal projective presentation:
Pa
f
// Pb // U(3.4)
where Pa, Pb ∈ Filt(B(Λ)) and f cannot be factored through a projective module in
Filt(B(Λ)) i.e. unfactorizable 3.4.
We can describe modules over syzygy filtered algebra in the following way. Let
P :=
⊕
i∈S′(Λ) Pi. Then ε(Λ) = EndΛP is finite dimensional algebra and P is left ε(Λ)
module. If X is right Λ module, then HomΛ(P, X) is right ε(Λ) module. Simple ε(Λ)
modules are of the form HomΛ(P,∆i) where ∆i ∈ B(Λ) 3.3. For simplicity, we denote
functor HomΛ(P,−) by H . We get:
mod-Λ
H // mod-ε(Λ)
Filt(B(Λ))
77♥♥♥♥♥♥♥♥♥♥♥
⊂
Restriction of H onto Filt(B(Λ)) gives equivalence of categories mod-ε(Λ) and
Filt(B(Λ)).
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Remark 3.6. Any ε(Λ) module is isomorphic to H(X) for some X ∈ Filt(B(Λ)).
Simple modules are of the form H(∆i). Therefore, by abuse of terminology we call
B(Λ) filtered Λ modules ε(Λ) modules.
We give another proof about uniseriality of ε(Λ) modules. Notice that, since inde-
composable Λ modules are uniserial, in particular modules in Filt(B(Λ)) are. For all
X ∈ Filt(B(Λ)), the B(Λ) radical filtration is equivalent to composition series:
X = Xn ⊃ Xn−1 ⊃ . . . ⊃ X1 ⊃ X0 = 0
i.e. each Xi ∈ Filt(B(Λ)) and XiupslopeXi−1 ∈ B(Λ). H is exact, and it is clear that
H(ExtΛ(X, Y )) ∼= Extε(Λ)(H(X), H(Y ))(3.5)
By using 3.5, we get composition series of H(X) in ε(Λ):
H(X) = H(Xn) ⊃ H(Xn−1) ⊃ . . . ⊃ H(X1) ⊃ X0 = 0
Quotient of two consecutive modules is simple ε(Λ) module and it is equivalent to
radical filtration. Therefore each indecomposable ε(Λ) module is uniserial [ARS97]
Proposition 3.7. If global dimension of Λ is infinite, then ε(Λ) is cyclic and its global
dimension is infinite.
Proof. There is Λ-module M with p dimM = ∞. By remark 3.1, Ω2(M) has B(Λ)
filtration. This makesH(Ω2(M)) ε(Λ)-module by 3.6. This implies, global dimension of
ε(Λ) is infinite since projective resolution of Ω2(M) in Λ can be carried into resolution:
..H(P3) 7→ H(P2) 7→ H(Ω
2(M)) in ε(Λ) by remark 3.6. Its quiver has to be cyclic
since global dimension of A type quiver is always finite. 
Remark 3.8. If underlying quiver is of type A, then algebra is called linear Nakayama
algebra.
Theorem 3.9. ε(Λ) is Nakayama algebra and defining relations of ε(Λ) are determined
by B(Λ): any indecomposable ε(Λ) projective module H(P ) satisfying rad
ε(Λ)H(P ) is
nonprojective in ε(Λ) gives the relation:
βik ◦ βik−1 ◦ · · · ◦ βi2 ◦ βi1 = 0(3.6)
where ij is the index of ε(Λ)-top of ε(Λ) module rad
j−1
ε(Λ)(H(P )), 1 ≤ j ≤ k. In
particular i1 is index of top of H(P ) and ik is index of socle of H(P ).
Proof. ε(Λ) is Nakayama algebra by result 3.5.
By remark 3.6, elements of B(Λ) can be viewed as simple modules of Nakayama algebra
ε(Λ). In other words: Complete set of representatives of simple ε(Λ) modules is the
set {H(∆1), . . . , H(∆r)}, i.e. H applied elements of B(Λ) For any cyclic Nakayama
algebra, composition series of indecomposable minimal (i.e. its radical is not projective)
projective module in each class gives the defining relations. Since ε(Λ) is Nakayama
algebra, proof follows. 
Proposition 3.10. For any cyclic Nakayama algebra Λ, Λ ∼= ε(Λ) if and only if Λ is
self-injective.
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Proof. Assume that Λ is self-injective. Then:
ε(Λ) := End

 ⊕
i∈S′(Λ)
Pi

 = End
( ⊕
1≤i≤N
Pi
)
∼= Λ
since, S ′(Λ) contains indices of all simples over Λ.
For the other direction, assume that Λ ∼= ε(Λ). By theorem 3.9, ε(Λ) is Nakayama
algebra, this implies the following equality:
{k1, . . . , kn} = {k2 + 1, k4 + 1 . . .}(3.7)
up to cyclic permutation because of classes of projective modules 3.2. It is enough check
those indices by the following observation: if two Nakayama algebras are isomorphic
then number of simple modules are same. Now we can choose k2+ 1 = k3, k3+ 1 = k4
etc. So B(Λ) contains all simple Λ modules, this is equivalent to selfinjectivity of Λ. 
3.2. Higher Syzygy Filtered Algebras. By the theorem 3.9 and proposition 3.10,
we can construct higher syzygy filtrations:
Definition 3.11. Let Λ be a cyclic Nakayama algebra and ε(Λ) is syzygy filtered
algebra. nth syzygy filtered algebra εn(Λ) is an endomorphism algebra of direct sum
of projective modules which are indexed depending on (n− 1)th syzygy algebra i.e.
εn(Λ) := End
ε
n−1(Λ)

 ⊕
i∈S′(εn−1(Λ))
Pi

(3.8)
provided that εn−1(Λ) is cyclic non self-injective Nakayama algebra.
We can interpret indecomposable εn(Λ) modules in terms of B(εn−1(Λ)) filtered
εn−1(Λ) modules as we discussed in subsection 3.1.
Let Filt(B(εn−1(Λ)) be category of B(εn−1(Λ)) filtered εn−1(Λ) modules. A module
U ∈ B(εn−1(Λ)) if and only if U has minimal projective presentation:
Pa
f
// Pb // U(3.9)
where Pa, Pb ∈ Filt(B(ε
n−1(Λ))) and f cannot be factored through a projective
module in Filt(B(εn−1(Λ))) i.e. unfactorizable 3.4.
We can describe modules over higher syzygy filtered algebra in the following way.
Let P(εn−1(Λ)) :=
⊕
i∈S′(εn−1(Λ))
Pi. Then ε
n(Λ) := End
ε
n−1(Λ) (P(ε
n−1(Λ))) is finite
dimensional algebra and P(εn−1(Λ)) is left εn(Λ) module. IfX is right εn−1(Λ) module,
then HomΛ(P(ε
n−1(Λ)), X) is right εn(Λ) module. Simple εn(Λ) modules are of the
form Hom
ε
n−1(Λ)(P(ε
n−1(Λ)), B) where B ∈ B(εn−1(Λ)). For simplicity, we denote
functor Hom
ε
n−1(Λ)(P(ε
n−1(Λ)),−) by Hn−1. We get:
mod-εn−1(Λ)
Hn−1 // mod-εn(Λ)
Filt(B(εn−1(Λ))
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦
⊂
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Restriction ofHn−1 onto Filt(B(εn−1(Λ))) gives equivalence of categories mod-εn(Λ)
and Filt(B(εn−1(Λ)). In particular, this shows that indecomposable modules over
εn(Λ)) are uniserial, hence it is Nakayama algebra.
Remark 3.12. Any εn(Λ) module is isomorphic toHn−1(X) for someX ∈ Filt(B(εn−1(Λ))).
Simple modules are of the form H(B) where B ∈ B(εn−1(Λ)). Moreover, for each
1 ≤ j ≤ n categories below are equivalent:
Filt(B(εj(Λ)) // εj+1(Λ)
via Hj = Hom
ε
j(Λ) (P(ε
j(Λ)),−). Notice that, If Ω2j+2(M) is nontrivial module where
M ∈ mod-Λ, then it has B(εj(Λ) filtration. By abuse of terminology we view B(εj(Λ))
filtered Λ modules as modules over εn(Λ). Another useful fact is Hj is exact, therefore
projective resolution . . . 7→ P1 7→ P0 7→ M of M in Λ gives projective resolution in
εj+1(Λ) provided that Ω2j+2(M) is nontrivial i.e.
· · · −→ Hj(P2j+3) −→ H
j(P2j+2) −→ H
j(Ω2j+2(M)) −→ 0(3.10)
4. Outcomes of Syzygy Filtrations
Here we give some results on Nakayama algebras by using syzygy filtrations.
4.1. Results about ϕ dim.
Theorem 4.1. If global dimension of cyclic not selfinjective Nakayama algebra Λ is
infinite, then ϕ dimΛ = ϕ dim ε(Λ) + 2.
Proof. Since indecomposable modules over ε(Λ) are second syzygies of modules over Λ
by remark 3.6, and by 3.10 with j = 0 difference is exactly 2, theorem follows. 
The following three results were proven in [Sen18]. We state them in terms of
syzygy filtered algebra. We give new proof of the second theorem by applying syzygy
filtrations.
Theorem 4.2. [Sen18] Let Λ be a cylic Nakayama algebra of infinite global dimension.
1) ϕ dimΛ = 0 if and only if Λ is self-injective algebra.
2) ϕ dimΛ 6= 1.
3) ϕ dimΛ = 2 if and only if ε(Λ) is self-injective and Λ is not.
Theorem 4.3. Assume that global dimension of cyclic Nakayama algebra Λ is infinite.
Then ϕ dimΛ is even. Furthermore, the upper bound of ϕ dimΛ is 2r, where r =
|B(Λ)|.
Proof. By the above theorem 4.1, in each step ϕ-dimension reduces by two. Assume
to the contrary that there exists d such that ϕ dim εd(Λ) = 1. But by above result 4.2,
this is impossible.
To prove the second part, observe that number of simple modules of εi(Λ) is given by
|B(εi−1(Λ))|. To get an upper bound, in each reduction 4.1, number of simple modules
should decrease by one. Since |B(Λ)| = r, at most r-many reduction is possible. εr(Λ)
is self injective, hence upper bound for ϕ dim is 2r. 
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4.2. Results about finitistic dimension. First we state and prove theorems regard-
ing possible small values of finitistic dimension and ϕ-dimension. Then we will show
reduction method for finitistic dimension as we did in theorem 4.1 for ϕ-dimension.
We start with the following observation:
Proposition 4.4. If ϕ dimΛ = 2, then ϕ dimΛ− fin.dimΛ ≤ 1.
Proof. Since ϕ dimΛ = 2, by theorem 4.2 Λ is not self-injective. This implies that
there exist projectives Px, Py over Λ such that Py is proper submodule of Px. So there
exists exact sequence:
0 7→ Py 7→ Px 7→ PxupslopePy 7→ 0(4.1)
So p dimΛ
(
PxupslopePy
)
= 1, this implies fin.dimΛ ≥ 1.
Moreover, by remark 2.4, we conclude that ϕ dimΛ− fin.dimΛ ≤ 1. 
Proposition 4.5. fin.dimΛ = fin.dim ε(Λ)+2, provided that finitistic dimension of Λ
is greater than 2.
Proof. There exists a Λ-moduleM such that p dimM = fin.dimΛ and easily p dimM =
p dimΩ2(M) + 2. It is enough to show that Ω2(M) is nonprojective. This makes
H(Ω2(M)) an indecomposable nonprojective ε(Λ) module. So fin.dimΛ ≥ fin.dim ε(Λ)+
2
Choose ε(Λ) module M ′, satisfying fin.dim ε(Λ) = p dimM ′. There exists module M
such that H(Ω2(M)) ∼= M ′ by remark 3.1. Equality follows.
If we assume Ω2(M) projective for all Λ modules M , global dimension is 2, which
we excluded. The only remaining case is: fin.dimΛ = 2 and gl dimΛ = ∞. We get
fin.dim ε(Λ) = 0. This forces that all simple ε(Λ) modules have periodic resolution.
Otherwise the following sequence is exact : 0 7→ Px+1 7→ Px 7→ Sx 7→ 0, where Sx
is simple module. This occurs when ε(Λ) is self-injective. That case was analyzed in
3.10. Its finitistic dimension is 0, hence proposition holds. 
We placed condition: finitistic dimension greater than 2, because there are examples
such that fin.dimΛ = 1 but fin.dim ε(Λ) = 0, therefore claim cannot hold. A small
example is: N = 3 and relations α2α1 = 0, α1α3α2 = 0. We study generalities of them
in 5.14.
Now we restate theorem 1.1 and give proof.
Theorem 4.6. If Λ is a cyclic Nakayama algebra then ϕ dimΛ− fin.dimΛ ≤ 1
Proof. If global dimension of Λ is finite, statement is true, since gl dimΛ = ϕ dimΛ =
fin.dimΛ. So, we assume that global dimension is infinite.
We can apply syzygy filtration algorithm recursively to reach a self injective algebra
in finitely many steps which we assume d. Hence εd(Λ) is a self injective algebra
but εd−1(Λ) is not. By theorem 4.1 this implies ϕ dimΛ = 2d, ϕ dim εd(Λ) = 0 and
ϕ dim εd−1(Λ) = 2. By theorem 4.4 we get
1 ≤ fin.dim εd−1(Λ) ≤ 2(4.2)
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On the other hand we have 2 + fin.dim εk(Λ) = fin.dim εk−1(Λ) for any 1 ≤ k ≤ d− 1
given at 4.5. This implies:
1 + 2d− 2 ≤ fin.dimΛ ≤ 2 + 2d− 2
ϕ dimΛ− 1 ≤ fin.dimΛ ≤ ϕ dimΛ
We get ϕ dimΛ− fin.dimΛ ≤ 1 
4.3. Results about Gorenstein Properties. We begin with definition of Gorenstein
dimension. By using duality and representation type of Nakayama algebras, instead of
injective dimension of Λ, we prefer to study projective dimensions of injective modules.
Then we state and prove theorems regarding Gorenstein homological properties.
Definition 4.7. If projective resolution of injective modules are finite, algebra is called
Gorenstein. Supremum of projective dimensions of injective modules is called Goren-
stein dimension, and denoted by gor.dim.
First, we need possible small values of Gorenstein dimension. Then we apply reduc-
tion method as we did in ϕ-dimension and finitistic dimension.
Lemma 4.8. If Λ is cyclic Gorenstein Nakayama algebra, then gor.dimΛ 6= 1.
Proof. If Λ is self-injective, by definition, gor.dimΛ = 0. If Λ is not self injective, there
exists a projective-injective module PI such that its quotient is injective I and
0 7→ soc(PI) 7→ PI 7→ I 7→ 0
Λ is cyclic, simple modules are not projective, p dim I ≥ 2, so gor.dimΛ 6= 1. 
Lemma 4.9. Let ∆i be an element of B(Λ) such that it is submodule of indecomposable
projective injective Λ module PI and it has proper submodule X i.e.
X →֒ ∆i →֒ PI
Then the quotient PIupslopeX is an injective Λ module.
Proof. We have the following set up: socles of X , ∆i and PI are isomorphic moreover
it is from the set S(Λ), recall definition of B(Λ) and construction 3.2. Assume that
∆i−1 is another element of B(Λ) satisfying Ext
1
Λ(∆i−1,∆i) is indecomposable, in other
words socle of ∆i−1 and top of ∆i are consecutive. It is clear that X cannot be an
element of B(Λ) because ∆i is from the base set B(Λ).
For simplicity we denote it quotient by Q = PIupslopeX. Assume to the contrary that
Q is not injective module. Therefore it has to be proper submodule of its injective
envelope i.e. Q →֒ Σ(Q)
Let P ′ be projective cover of the injective envelope of the quotient Q i.e. P ′ =
P (Σ(Q)). We know that socle of P ′ is in S(Λ) because of 3.2. Here we eliminate
impossible choices for the socle of P ′:
• ∆i cannot be submodule of P
′ because this violates projective-injectivity of PI.
In particular socle of P ′ cannot be socle of X .
• Extension Ext1Λ(∆i, K) cannot be a submodule of PI whereK = ker (P
′ 7→ Σ(Q)),
because it violates projective injectivity of PI again.
• Socle of P ′ cannot be socle of ∆i−1, because ∆iupslopeX is subquotient of P
′.
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Table 1. Comparison of projective modules and I∆
:
P (∆x) I∆ P (∆x−1) ordering
∆x−1
∆x ∆x
...
...
... ∆y−1 ↑ c. less
∆y ∆y
∆y+1 ↓ c. greater
It is impossible to find socle of projective cover P ′. This creates contradiction. Other-
wise, if Q is injective then :
P (Σ(Q)) = P (Q) = Q
and socle of PI is isomorphic to socle of ∆i. 
Proposition 4.10. For every nonprojective ε(Λ) injective module εI, there exists in-
jective Λ module I such that H(Ω2(I)) ∼= εI
Proof. Assume that εI is a nontrivial nonprojective ε(Λ) injective module. By remark
3.6, there is B(Λ) filtered module I∆ such that H(I∆) = εI. Moreover, by remark 3.1,
I∆ can be realized as second syzygy. Therefore we get exact sequence of Λ modules:
0 7→ I∆ 7→ P 7→ PupslopeI∆ 7→ 0
I∆ has B(Λ) filtration, assume that ∆x is its B(Λ)-top and ∆y be its B(Λ)-socle where
we choose ordering {∆x−1,∆x,∆x+1, . . . ,∆y−1,∆y,∆y+1 . . .} in B(Λ), i.e Ext
1(∆i,∆i+1) ≇
0. Observe that:
• B(Λ)-socle of B(Λ) filtered projective cover of ∆x i.e. P (∆x) is either ∆y+1 or
cyclically greater than ∆y.
• B(Λ)-socle of filtered projective cover of ∆x−1 i.e. P (∆x−1) is ∆y−1 or cyclically
less than ∆y−1.
For details of cyclic ordering we refer to [Sen18]. The table 1 illustrates it. The second
item is crucial, otherwise H(I∆) cannot be injective epsilon module.
Quotient Q = PupslopeI∆ cannot have B(Λ) filtration by the second item. But socle of
the quotient is isomorphic to socle of ∆x−1. Notice that this socle is in the set S(Λ),
therefore there exists projective injective module PI such that quotient is its submodule
by 3.2. Therefore we get another exact sequence:
0 7→ Q 7→ PI 7→ PIupslopeQ 7→ 0
We have: Q is proper submodule of ∆x−1 and ∆x−1 is submodule of projective
injective module PI. By the lemma 4.9, we conclude that PIupslopeQ is injective Λ module.
Therefore H (Ω2 (I)) is injective ε(Λ) module where I = PIupslopeQ is injective Λ module.

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We can apply the above proposition to Gorenstein Nakayama algebra Λ. Every
nonprojective injective Λ module has finite projective dimension, by remark 3.1 and
proposition 4.10, every nonprojective injective ε(Λ)-module has finite projective di-
mension. Moreover, gor.dimΛ = gor.dim ε(Λ) + 2. We put them together below:
Corollary 4.11. If Λ is Gorenstein, then ε(Λ) is also Gorenstein. In other words,
being Gorenstein is homological invariant with respect to syzygy filtrations
Theorem 4.12. Let Λ be Gorenstein and cyclic Nakayama algebra. Then ϕ dimΛ is
equal to gor.dimΛ.
Proof. If global dimension of Λ is finite, then it is equal to both ϕ dimΛ and gor.dimΛ,
it is trivial case. So, we analyze the case of infinite global dimension.
There exists d such that εd(Λ) is self-injective but εd−1(Λ) is not. Since Λ is Gorenstein,
by proposition 4.10 and following corollary, εk(Λ) is Gorenstein for 1 ≤ k ≤ d. In
particular, εd−1(Λ) is of Gorenstein dimension 2. This implies that gor.dim εd(Λ) = 0
which makes εd(Λ) self-injective. By proposition 3.10, ϕ dimΛ = 2. They are equal.
By results 4.1, 4.10, ϕ dimΛ = gor.dimΛ. 
In theorem 4.12, we showed the equality of ϕ-dimension and Gorenstein dimension
of cyclic Nakayama algebras. We combine it with the result 4.3 to get:
Corollary 4.13. If Λ is Gorenstein with infinite global dimension, then gor.dimΛ is
even.
Gorenstein properties of Nakayama algebras were studied in the paper of Ringel
[Rin13]. Proposition 6 of the same work states that under some conditions, Gorenstein
dimension is an even number. Above corollary can be viewed as a generalization of it.
4.4. A Detailed Example.
Example 4.14. We want to show reduction processes described in 4.1 and 4.10 on
syzygy filtered algebras 3.11.
Let Λ be cyclic Nakayama algebra with N = 5 vertices and irredundant system of
relations:
α5α4α3α2α1 = 0
α1α5α4α3α2 = 0
α3α2α1α5α4α3 = 0
α4α3α2α1α5α4 = 0
The only injective but nonprojective Λ module is I2 =
∣∣∣∣∣∣∣∣∣∣
S3
S4
S5
S1
S2
∣∣∣∣∣∣∣∣∣∣
. Its projective dimension
is 6 by the projective resolution:
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P5 //
✷
✷✷
✷✷
✷
P5 //
✾
✾✾
✾✾
✾✾
P4 //
✷
✷✷
✷✷
✷
P4 //
✾
✾✾
✾✾
✾✾
P3 //
✷
✷✷
✷✷
✷
P3 // I2
P1
FF☞☞☞☞☞☞
S5
FF☞☞☞☞☞☞
radP4
BB✆✆✆✆✆✆✆
S4
FF☞☞☞☞☞☞
radP3
BB✆✆✆✆✆✆✆
S3
FF☞☞☞☞☞☞
It can be shown that Ω2(I), Ω4(I) are injective nonprojective ε(Λ) and ε2(Λ) modules
respectively. We get gor.dimΛ = 6. We present the results in the following tableaux.
For notational simplicity, we used different letters to simple modules in the syzygy
filtered algebras. The modules ω1, ω2 correspond to Λ modules
∣∣S1∣∣ , ∣∣radP1∣∣. Notice
that they are Ω-periodic Λ modules. Recall that the sequence of integers (c1, . . . , cn) is
called Kupisch series of Nakayama algebra if ci = l(Pi) i.e. length of projective module
Pi. We point out that this method is different than retractions described in [CY14],
one can compare Kupisch series of retrations and Kupisch series in the table.
Algebra Kupisch S (−) S ′ (−) B (−) Notes
Λ (5, 5, 6, 6, 6) S1, S3, S4, S5 S1, S2, S4, S5
{∣∣S1∣∣ ,
∣∣∣∣S2S3
∣∣∣∣ , ∣∣S4∣∣ , ∣∣S5∣∣
}
ϕ dimΛ = 6
ε(Λ) (4, 4, 5, 5) E1, E3, E4 E1, E2, E4
{∣∣E1∣∣ ,
∣∣∣∣E2E3
∣∣∣∣ , ∣∣E4∣∣
}
ϕ dim ε(Λ) = 4
ε2(Λ) (3, 3, 4) δ1, δ3 δ1, δ2
{∣∣δ1∣∣ ,
∣∣∣∣δ2δ3
∣∣∣∣
}
ϕ dim ε2(Λ) = 2
ε3(Λ) (2, 2) ω1, ω2 ω1, ω2
{∣∣ω1∣∣ , ∣∣ω2∣∣} ϕ dim ε3(Λ) = 0
5. Other Applications of Syzygy Filtrations
5.1. Dominant Dimension. We study dominant dimension here in terms of syzygy
filtered algebras. Consider algebra A and its minimal injective resolution: 0 7→A A 7→
I0 7→ I2 . . . Dominant dimension of A is:
dom.dimA = sup {n| Ii is projective for i = 0, 1, . . . n}+ 1
We start with lemma:
Lemma 5.1. Assume that a projective-injective Λ module I has B(Λ) filtration. Then
H(I) is projective-injective ε(Λ) module.
Proof. Assume that H(I) is projective but not injective ε(Λ) module. Since it is not
injective, it should have an injective envelope I ′ in ε(Λ). Consider the exact sequence:
0 −→ H(I) →֒ I ′ −→ I
′
upslopeH(I) −→ 0
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This implies lε(Λ)(H(I)) < lε(Λ)(I
′) where l denotes length of module and this is equiv-
alent to lΛ(H(I)) < lΛ(I
′) which is not possible, since I is projective injective module
in Λ. 
The key observation is the following:
Proposition 5.2. Assume that dominant dimension of cyclic Nakayama algebra Λ is
greater or equal than 3. Then we have:
dom.dimΛ = dom.dim ε(Λ) + 2
Proof. Let dominant dimension of algebra be n + 1, and coming from the projective
module P i.e. consider the following injective resolution of projective module P :
P 7→ I0 7→ I1 7→ . . . 7→ In . . .
with all Ii’s are projective for i = 0, 1 . . . , n. Since those injective modules are projec-
tive, the projective resolution of the cosyzygy module Σn+1(P ) is given by the same
sequence of maps. Therefore we get:
Ωk(Σn+1P ) ∼= Σn−k+1(P )
Therefore all injective modules Ii, i = 0, . . . , n − 2 have B(Λ) filtration by remark
3.1. This is to say, all H(Ii) are ε(Λ) projective modules. Now it is enough to prove
that they are also injective ε(Λ) modules. But by lemma 5.1 this follows. Hence
dominant dimension of H(P ) in ε(Λ) differs from dominant dimension in Λ by 2 i.e.
dom.dimΛ = dom.dim ε(Λ) + 2. 
Now we can apply induction:
Theorem 5.3. If Λ is cyclic nonselfinjective Nakayama algebra then ϕ dimΛ ≥ dom.dimΛ.
Proof. There are two possible proofs. First, we state shorter one: the inequalities
dom.dimΛ ≤ fin.dimΛ and fin.dimΛ ≤ ϕ dimΛ implies the result.
Second approach is similar to what we did in reduction processes as in 4.5, 4.1, by
using proposition 5.2 iteratively. 
Corollary 5.4. Dominant dimension of cyclic nonselfinjective Nakayama algebra is
bounded by 2r, where 2r = |B(Λ)| .
Proof. By above theorem and theorem 4.3, dom.dimΛ ≤ ϕ dimΛ ≤ 2r. 
Indeed, it was proven in [Mar18].
5.2. Upper Bounds For Global Dimension. We give another proof of the main
theorem of [MM18] by using syzygy filtration method.
Theorem 5.5. [MM18] Let Λ be a Nakayama algebra with a simple module S of even
projective dimension. Choose m minimal such that a simple Λ module has projective
dimension equal to 2m. Then the global dimension of Λ is bounded by N +m−1 where
N is the number of vertices of Λ
To prove it, we need to analyze behavior of cyclic Nakayama algebras of finite global
dimension under higher syzygy filtrations described in 3.11. Before doing this, we state
and prove all auxiliary results.
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Lemma 5.6. Auxiliary results:
1) Global dimension of linear Nakayama algebra which was defined in 3.8 is bounded
by N − 1, where N is the number of vertices.
2) For any connected linear Nakayama algebra of global dimension greater or equal
than 2, there exists a simple module S, such that p dimS = 2.
3) Consider the following projective resolution of indecomposable uniserial mod-
ules:
PΩ(X)
  ❅
❅❅
❅❅
❅❅
❅
// PX // X
Ω2(X)
>>⑤⑤⑤⑤⑤⑤⑤⑤
Ω(X)
BB☎☎☎☎☎☎☎☎
where Ω2(X) is projective module. If all submodules of Ω2(X) are projective
then there exists a simple module S such that p dimS = 2.
Proof. 1-) We will prove it by induction. If N = 2, either algebra is hereditary
or semisimple, in both cases global dimensions are smaller or equal than 1.
Inductive step is the following: assume that global dimension of oriented linear
quiver of N nodes is bounded by N −1. Consider the oriented linear quiver we
obtained by adding vertex x to the source vertex. We have:
p dimMx = p dimΩ(Mx) + 1
where Mx is any module with simple top x. The top of Ω(Mx) is different
than x, hence it is a module over unextended quiver. Therefore its projective
dimension is bounded by N −1. This forces that p dimMx ≤ N which we want
to show.
2-) Let 1, 2, . . . , x be indices of simple modules and αi denote path from vertex
i to vertex i + 1. Px is simple projective module. Now Px−1 is not simple,
since algebra is connected. Hence socle of Px−1 is Px. There exists a projective
module P whose socle is x− 1, by connectedness again.
Now projective dimension of soc(coker(Px−1 7→ P )) is 2.
3-) If X is simple module, choose S ∼= X . Otherwise, p dim top(X) = 2.

Proposition 5.7. Let Λ be cyclic Nakayama algebra with a simple module S satisfying
p dimS = 2. Then ε(Λ) is linear Nakayama algebra.
Proof. It is enough to show that B(Λ) contains a projective Λ-module i.e for some i,
∆i is projective. Without loss of a generality, let S ∼= Sk1. The second syzygy of S
is isomorphic to coker(Pk4+1 7→ Pk2+1). This is of minimal length by comparison of
dimensions of modules in the resolution, which makes it an element of B(Λ). 
Lemma 5.8. Let m > 1 be minimal such that S is a simple module with p dimS = 2m.
Then εm−1(Λ) is cyclic Nakayama algebra.
Proof. Existence of S with even projective dimension implies that global dimension of
Λ is finite by a result of Madsen [Mad05]. By theorem 3.9 and definition 3.11, it is
enough to prove that εm−1(Λ) is cyclic.
Assume that it is linear. By minimality ofm, projective covers ofH(Ω2m−2(S)), H(Ω2m−1(S))
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andH(Ω2m(S)) are projective εm−1(Λ)-modules. Therefore global dimension of εm−1(Λ)
is greater or equal than 2. We can take the connected subalgebra containing those pro-
jectives. Moreover, simple modules of εm−1(Λ) are in one to one correspondence with
B(εm−2(Λ)) by 3.12. By part 2) of lemma 5.6, there exists a simple module whose pro-
jective dimension is 2, contadicting the minimality of m. Therefore B(εm−2(Λ)) cannot
contain a projective module which implies cyclicity of εm−1(Λ). Since for any distinct
projective modules of εm−1(Λ), cokernels between B(εm−2(Λ)) filtered projectives are
nontrivial, recall corollary 3.4. 
Lemma 5.9. Let m > 1 be minimal such that S is a simple module with p dimS = 2m.
Then εm(Λ) is linear Nakayama algebra.
Proof. Simple modules of εm(Λ) are in one to one correspondence with B(εm−1(Λ))
by 3.12. It is enough to show that there exists a projective εm(Λ)-module H(P )
such that P is in B(εm−1(Λ)). This implies there is no other B(εm−1(Λ)) filtered
projective P ′ such that P ′ 7→ P nontrivially. Otherwise, cokernel of that map would
be in B(εm−1(Λ)) which contradicts description of B(εm−1(Λ)) modules by minimal
presentation 3.9.
We claim that Ω2m(S) is in B(εm−1(Λ)). Assume that this is not the case. Notice that
Ω2m(S) has B(εm−1(Λ)) filtration. Simple εm(Λ) modules appearing in the filtration
of Ω2m(S) cannot be projective, otherwise by part 3) of lemma 5.6, we get a simple
module of projective dimension 2, contradicting with minimality of m.
Since global dimension is finite, at some stage, any resolution has to stop. By part 3)
of lemma 5.6, m > 1 cannot be minimal. As a result, H(Ω2m(S)) has to be a simple
projective module in εm(Λ), this implies linearity of Nakayama algebra. 
Here we give proof of result 5.5:
Proof. By lemmas 5.8, 5.9, εm(Λ) is linear Nakayama algebra and εj(Λ) is cyclic
Nakayama algebra for any 1 ≤ j ≤ m−1. Therefore, construction of εm(Λ) is obtained
by definition 3.11, and by reduction described in proposition 4.5 we get:
gl dimΛ = 2m+ gl dim εm(Λ)
Since εm(Λ) linear Nakayama algebra, by part 1) in lemma 5.6, it is bounded by number
of vertices minus one. Indeed, number of its vertices is given by |B(εm−1(Λ))| which
is the number of irredundant system of relations defining εm−1(Λ). We denote it by
rm−1. Therefore:
gl dimΛ = 2m+ gl dim εm(Λ)
gl dimΛ ≤ 2m+ rm−1 − 1
Since we applied reduction m times, the maximum possible number of vertices rm−1
for εm(Λ) is N −m, hence we get:
gl dimΛ ≤ 2m+ rm−1 − 1 ≤ 2m+N −m− 1 = N +m− 1

Corollary 5.10. Let Λ be cyclic Nakayama algebra of finite global dimension. Then
gl dimΛ ≤ 2N − 2 where N is the number of vertices.
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Proof. We can apply construction described in 3.11 at most r times. By proposition
4.5 and inequality r ≤ N − 1, gl dimΛ ≤ 2(N − 1), which is the bound obtained by
Gustafson in [Gus85]. 
We want to emphasis that number of relations helps to lower the bound obtained in
[MM18]. Notice that global dimension attains the bound if and only if r = N − 1 and
ri = ri−1− 1 for all 1 ≤ i ≤ m− 1. If we take r = N , Λ becomes self-injective algebra.
Example 5.11. Let Λ be cyclic Nakayama algebra of N = 8 vertices with relations:
α4α3 = 0, α6α5 = 0, α2α1α8 = 0
By simple computation, m = 1, and global dimension is 2. So it is smaller than r = 3.
5.3. Right Finitistic and ϕ-Dimensions. We define fin.dimΛop as finitistic dimen-
sion of the algebra Λ with respect to injective resolutions i.e.
fin.dimΛop := sup {in.dimΛM | in.dimΛM <∞, M ∈ mod-Λ}(5.1)
In general left and right finitistic dimensions of an algebra can be different. But in the
case of Nakayama algebras, we prove that they are same. To do this, we need dual
constructions i.e. classes of injective modules and injective base set as we did in 3.3
and 3.2 for projective modules.
Injective Λ modules are characterized by their tops using the relations given in 3.1:
P(k2r−1)+1 = Ik2 ։ . . .։ Ik4+1 have simple Sk2r−1+1 as their top
Pk1+1 = Ik4 ։ . . .։ Ik2+1 have simple Sk1+1 as their top
...
P(k2r−3)+1 = Ik2r ։ . . .։ Ik4+1 have simple Sk2r−3+1 as their top
Definition 5.12. let Λ be a cyclic Nakayama algebra defined by the irredundant
system of r relations REL 3.1. For each j ∈ {1, . . . , r} let ∇j be a shortest in-
decomposable uniserial module with soc∇j ∼= Sk2j+1 and top∇j
∼= Sk2j−1+1. Let
∇ = {∇1,∇2, ..,∇j, ..,∇r}, i.e. a set of shortest modules of the following form:
∇ :=

∇1 ∼=
∣∣∣∣∣∣
Sk1+1
...
Sk3
∣∣∣∣∣∣,∇2 ∼=
∣∣∣∣∣∣
Sk3+1
...
Sk5
∣∣∣∣∣∣, ..,∇j ∼=
∣∣∣∣∣∣
Sk2j−1+1
...
Sk2j+1
∣∣∣∣∣∣, ..,∇r ∼=
∣∣∣∣∣∣
Sk2r−1+1
...
Sk1
∣∣∣∣∣∣

 .
We will use term ∇-module for any module which has filtration by ∇.
One can repeat all the process of the paper about projective resolutions and B(Λ)
filtered algebras for injective resolutions and ∇ filtered algebras. We do not want to
progress in those directions however the following statements can be concluded by using
duality between Λ projective modules and Λ injective modules:
Remarks 5.13. i) Let η(Λ) := EndΛ
( ⊕
i∈T (Λ)
Ii
)
i.e. cosyzygy filtered algebra
where T :=
{
Sk1 , Sk3, . . . , Sk2r−1
}
ii) If the second cosyzygy Σ2(M) of M is not trivial, then it has ∇ filtration.
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iii) Dual ϕ function can be constructed as:
ϕR(M) := min{t | rank
(
DLt〈addM〉
)
= rank
(
DLt+j〈addM〉
)
for ∀j ≥ 1}.
where DL[M ] := [ΣM ] and gives map DK0 7→ DK0, where DK0 is abelian
group generated by all symbols [X ] modulo relations:
• [A1] = [A2] + [A3] if A1 ∼= A2 ⊕ A3
• [I] = 0 if I is injective.
iv) Therefore we can define ϕ dimΛop as:
ϕ dimΛop := sup {ϕR(M)| for allM ∈ mod-Λ}(5.2)
v) Let Λ be cyclic nonselfinjective Nakayama algebra. ϕ dimΛop = 2 if and only
if η(Λ) is selfinjective.
vi) Another result we need is dual of the theorem 1.1: If Λ is Nakayama algebra
then ϕ dimΛop − fin.dimΛop ≤ 1.
We prove that
Proposition 5.14. fin.dimΛ = 1 if and only if fin.dimΛop = 1.
Proof. We start with algebra Λ satisfying fin.dimΛ = 1. This implies that any inde-
composable module M of projective dimension one gives rise to short exact sequence:
P 7→ P ′ 7→ M
We claim that socle of M cannot be socle of any projective module, otherwise we get
a module of projective dimension 2 by the following resolution:
P // P ′ //
✶
✶✶
✶✶
✶✶
P ′′ // P
′′
upslopeM
M
FF☞☞☞☞☞☞☞
We can detect possible socles of modules of projective dimension of one: they can
be any simple indexed by {1, 2, . . . , N} except {k1, k3, . . . , k2r+1} by looking the classes
of projective modules 3.2. But this forces that socles of projective modules have to be
{k1, k3, . . . , k2r−1} and together with description 3.2:
{k1, k3, . . . , k2r+1} = {k2, k4, . . . , k2r} ⇐⇒
B(Λ) = ∇(5.3)
Assume that there exists an injective resolution of indecomposable Λ module M :
M // I0 //
✼
✼✼
✼✼
✼✼
I1
  ❇
❇❇
❇❇
❇❇
❇
Σ(M)
CC✞✞✞✞✞✞✞
Σ2(M) ∼= I2
We use the following arguments: Injective module I2 has ∇ (and B(Λ) by 5.3)
filtration. Since fin.dimΛ = 1, in particular ϕ dimΛ = 2, all projective modules
in Filt(B(Λ)) have the same length i.e. ε(Λ) is self injective. This forces I2 to be a
projective-injective Λ module. However this creates contradiction, because a projective
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injective module cannot be a syzygy of another module. There is no Λ module whose
injective dimension is finite and greater than one. Therefore fin.dimΛop = 1. By
repeating the similar arguments and using duality between projective and injective
modules only if part can be shown. 
Theorem 5.15. For cyclic Nakayama algebras left and right finitistic dimensions are
same i.e. fin.dimΛ = fin.dimΛop.
Proof. if global dimension is finite, it is a well known result. Therefore we consider the
case of infinite global dimension.
We will prove it by induction on the dimension. Previous proposition 5.14 verifies that
if n = 1 and n = 2, fin.dimΛ = 1 if and only if fin.dimΛop = 1 and fin.dimΛ = 2 if and
only if fin.dimΛop = 2 (combined with 4.4 ). Assume that fin.dimΛ = fin.dimΛop = d
for all d ≤ n. Now, let fin.dimΛ = n+ 1. We get:
fin.dimΛ = n + 1 ⇐⇒ fin.dim ε(Λ) = n− 1, by prop 4.5
fin.dim ε(Λ) = n− 1 ⇐⇒ fin.dim ε(Λ)op = n−1 by induction hypothesis
fin.dim ε(Λ)op = n− 1 ⇐⇒ fin.dimΛop = n + 1 by dual prop 4.5

Theorem 5.16. For cyclic Nakayama algebras left and right ϕ-dimensions are same
i.e. ϕ dimΛ = ϕ dimΛop.
Proof. It is enough to consider global dimension is infinite.
By theorem 1.1, there are two possibilities:
ϕ dimΛ = fin.dimΛ
ϕ dimΛ = 1 + fin.dimΛ
Theorem above 5.15,and equalities of left and right finitistic dimensions imply:
ϕ dimΛ = ϕ dimΛop

In [BMR], authors show equalities of left and right ϕ-dimension for truncated path
algebras.
We can put together the results 1.1 , 4.12, 5.16, 5.15 and 5.4 into one theorem:
Theorem 5.17. Let Λ be cyclic nonselfinjective Nakayama algebra defined by r many
irredundant system of relations over N vertices. Then, ϕ dimΛ, fin.dimΛ, gor.dimΛ,
dom.dimΛ are bounded by 2r where r = |B(Λ)|. Moreover, the upper bound is 2N − 2
since r ≤ N − 1.
Example 5.18. We reconsider this example given in [Sen18]. Let Λ be cyclic Nakayama
algebra on N vertices with Kupisch series (2N + 1, 2N + 1, . . . , 2N + 1, 2N). This has
r = N − 1 and ϕ dim(Λ) = 2r = 2N − 2. Indeed, one can check that, it is Gorenstein
and fin.dimΛ = ϕ dimΛ = gor.dimΛ = dom.dimΛ = fin.dimΛop = ϕ dimΛop = 2r =
2N − 2.
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